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Optimisation

Assumptions

▶ X large

▶ f has some “structure”

Goal: Find optimal solution
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Game Theory

Assumptions

▶ X and Y small

Goal: Nash equilibrium
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Game Theory + Optimisation = Adversarial Optimisation

Assumptions

▶ X and Y large and discrete

▶ f has some “structure”

▶ oracle access to f

Goal: Nash equilibrium

Classical methods fail

▶ Gradient descent/ascent

▶ Best response dynamics

▶ Multiplicative weight update

▶ Mathematical programming

▶ Lemke-Howson
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Competitive Coevolutionary Algorithms

Population P ∈ Xλ Population Q ∈ YλInteraction

Variation

Selection

Variation

Selection

Competitive coevolutionary algorithms evolve competing populations, where each
population adapts in response to the other, often used to model adversarial scenarios.

▶ “Payoff function” g : X × Y → R, determining outcome of interactions
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Diagonal Game (two player, zero-sum, normal form game)

▶ Alice and Bob placed in separate control rooms with no communication.

▶ Each control room has n on/off-buttons. Each button has an unknown “correct”
setting.

▶ In each game, Alice and Bob pushes buttons, and whoever has the most correct
buttons wins (green lamp) with ties in Alice’s favour. NE is to push all buttons
correctly.

▶ Exponentially large strategy space of N = 2n making exhaustive search
impractical.

▶ From info theory, Ω(logN) rounds needed. Does any natural learning dynamic
find NE in polylogN rounds?
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Example: Sorting Networks

Goal: sort a sequence of objects (e.g., numerical or alphanumeric)

Sorting network consisting of:
▶ Horizontal lines = elements in the list
▶ Comparison components, two input, two output
▶ If inputs are in incorrect order, swap them

Example of a sorting network sorting.
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Co-Evolving Sorting Networks [Hillis, 1990]4

Hand designed

Co-Evolution of Sorting Networks

Hand designed Co-evolved*

* First 32 comparisons initialised to 

common pattern shared by known 

sorting networks.

▶ Best network (n = 16) in 1969
▶ Green – 60 comparisons

(Co-)evolved

Co-Evolution of Sorting Networks

Hand designed Co-evolved*

* First 32 comparisons initialised to 

common pattern shared by known 

sorting networks.

▶ Networks vs Test Cases

▶ Best co-evolved network (n = 16): 61
comparisons

4First 32 comparisons initialised to common pattern shared by known sorting networks.
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Outline

Introduction
Optimisation + Game Theory = Adversarial Optimisation

Games and Solution Concepts
Basic Concepts
Normal form games, Extensive form games
Solution concepts: Nash equilibrium, maxmin

Computational Models for Adversarial Optimisation
A Black-Box Scenario
Fundamental Limitations of Algorithms and a Niche for Co-Evolution

Design of Co-Evolutionary Algorithms
Population structure and interaction schemes
Co-Evolutionary Pathologies
Population Archives and Monotone Solution Concepts
Replacing Monotone Progress by Positive Drift

Runtime Analysis of Co-Evolutionary Algorithms
Drift Analysis
Level-based Analysis

Conclusion
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Why Game Theory?

Game Theory

▶ Studies strategic decision-making.

▶ Helps predict outcomes in competitive and cooperative scenarios

Everyday Relevance

▶ Negotiating Prices: Buyers and sellers strategize.

▶ Voting: Analyzes voting strategies.

▶ Business: Companies predict competitors’ moves.

▶ Social: Cooperation and competition in daily life.

Real-World examples

▶ Pricing strategies among competing businesses.

▶ Negotiations in international trade agreements.

▶ Strategies in sports and games like chess and poker.
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Key Concepts of a Game

Players

Who is interacting?

Strategies

What are their options? Who acts first?

▶ Pure strategies: Deterministic

▶ Mixed strategies: Probabilistic

Payoffs

How do choices lead to outcomes? What do players prefer?

Information/Beliefs

What do players know or believe? What do they see before acting?

Rationality

How do players think?
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Representations - Normal-Form Games

▶ A representation of a game G := ({1, 2, . . . ,m},X , g) using a matrix.

▶ m players: Typically two or more.

▶ Strategies: Each player has a set of strategies.

▶ Payoffs: Each cell of the matrix represents the payoffs for each player.

Example

Strategy C Strategy D
Strategy A (3,2) (1,4)
Strategy B (2,3) (4,1)

▶ The first number in each cell is the payoff for the row player.

▶ The second number in each cell is the payoff for the column player.
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Zero-Sum Games

▶ One player’s gain is exactly the other players’ loss.

▶ Total sum of all players’ payoffs is zero:
∑n

i=1 gi = 0.

▶ Commonly used in competitive scenarios like poker, chess, and economic models.

Example: Rock-Paper-Scissors

Rock Paper Scissors
Rock (0, 0) (-1, 1) (1, -1)
Paper (1, -1) (0, 0) (-1, 1)
Scissors (-1, 1) (1, -1) (0, 0)

Constant-Sum Games

▶ Total sum of all players’ payoffs is a constant C:
∑n

i=1 gi = C
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Bilinear Maximin Objective Function

Definition
Given α, β ∈ (0, 1), for all x, y ∈ {0, 1}n

Bilinearα,β(x, y) := |y|1(|x|1 − βn)− αn|x|1
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Test-Based Games

Special case of zero-sum normal form game

▶ Two players: “Designs” and “Tests”

▶ Payoff function g takes binary values only

g(x, y) = 1 =⇒ design x passes test y

g(x, y) = 0 =⇒ design x fails test y

Important sub-class of games, e.g.:

▶ Co-evolution of sorting networks

▶ Board games with one winner and one looser
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Example: Theoretical Benchmark Diagonal

|x |1

|y |1

ε
ε

Nash equilibr

Diagonal(x, y) =

{
1 if x contains more 1-bits than y

0 otherwise

Theorem (Lehre and Lin [2024])

▶ W.o.p., (1, λ) EA with needs eΩ(n) evaluations to find Nash of Diagonal

▶ (1, λ) CoEA with λ ∈ Ω(n4/(1−χ)) and restarts finds a δ-approximation of Nash
in expected time O(λn).
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Symmetric vs Asymmetric Games

▶ Symmetric Games:
▶ Payoff depends only on the strategies, not on who is playing them.

Example: Prisoner’s Dilemma

Silent Testify
Silent (1, 1) (5, 0)
Testify (0, 5) (3, 3)

▶ Asymmetric Games:
▶ Payoff differs depending on the player.
▶ It is possible, to have identical strategy spaces for all players.

Example: Battle of the Sexes

Football Opera
Football (2, 1) (0, 0)
Opera (0, 0) (1, 2)
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Solution Concepts

Recall: We want to predict the outcome of the games. (what is the optimal way that
individuals should play?).

Formally specifies which strategies are a desired solution.
▶ Nash Equilibrium:

▶ No player can improve their payoff by unilaterally changing their strategy.
▶ (s∗1 , s

∗
2 , . . . , s

∗
m) is a Nash equilibrium if for every player i ∈ I

gi(s
∗
1 , . . . , s

∗
i , . . . , s

∗
m) ≥ gi(s

∗
1 , . . . , si, . . . , s

∗
m) ∀si ∈ Xi

▶ Maxmin:
▶ Maximizing the minimum payoff.
▶ For player i, the maxmin strategy is:

max
si∈Si

min
s−i∈X−i

gi(si, s−i)

▶ Ensures the best worst-case scenario.

▶ Maximum Expected Utility:
▶ Choosing the strategy with the highest expected utility.
▶ Formally, the expected utility of a strategy si for player i is defined as:

EU(si) =
∑

s−i∈S−i

gi(si, s−i) · Pr(s−i)

▶ Balances potential payoffs with their probabilities.
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Computational Models

▶ Design and analysis of algorithms assume a computational model
▶ Design: What information is provided to the algorithm? What operations can the

algorithm make?
▶ Analysis: How is the cost of the running the algorithm defined?

▶ Full Information Model
▶ Payoff matrix given as input to the algorithm
▶ Cost determined by number of computational operations
▶ Model consistent with the Lemke-Howson algorithm and other classical algorithms

▶ Query Complexity/Black Box Model
▶ Algorithm learns payoff by interacting with the game
▶ Cost determined by the number of payoff queries
▶ Model consistent with operations of co-evolutionary algorithms and other heuristics
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Black Box Complexity (or Query Complexity) for Pure Strategies

Game Class F

Photo: E. Gerhard (1846).

Payoff gi1 (x
1)

Query (x1, i1)

gi1 (x
1), gi1 (x

2), gi1 (x
3), . . . , git (x

t)

(x1, i1), (x2, i2), (x3, i3), . . . , (xt, it)

A

g

Black-box Algorithm A on Class of Games F
▶ Information available to algorithm A

▶ X = X1 × X2 × · · · × Xm, where Xi is set of
strategies for player i ∈ [m]

▶ Class of games F where each game has
▶ a payoff function gi : X → R for each player i ∈ [m]
▶ a solution concept Bg ⊆ X

▶ An adversary selects a game g ∈ F .
At iteration t = 0, A does not know g or Bg .

▶ In each iteration t, given what is known, A either
▶ selects a strategy profile xt ∈ X and a player

it ∈ [m], learns the payoff git (x
t), and continues

▶ outputs an element in X and halts

▶ Goal: output a solution in Bg using the smallest number
of queries possible.

▶ Algorithm A is correct on F if for all games g ∈ F ,
it outputs an element in Bg with probability at least 2/3.

Babichenko [2020]
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Black Box Complexity (or Query Complexity) for Mixed Strategies

Game Class F

Photo: E. Gerhard (1846).

Payoff gi1 (x
1)

Query (x1, i1)

gi1 (x
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2), gi1 (x
3), . . . , git (x

t)

(x1, i1), (x2, i2), (x3, i3), . . . , (xt, it)

A
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Black-box Algorithm A on Class of Games F
▶ Information available to algorithm A

▶ X = X1 × X2 × · · · × Xm, where Xi is set of
strategies for player i ∈ [m]

▶ Class of games F where each game has
▶ a payoff function gi : X → R for each player i ∈ [m]
▶ a solution concept Bg ⊆ ∆(X ) where

∆(X ) := ∆(X1) × ∆(X2) × · · · × ∆(Xm)

▶ An adversary selects a game g ∈ F .
At iteration t = 0, A does not know g or Bg .
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▶ selects a strategy profile xt ∈ X and a player

it ∈ [m], learns the payoff git (x
t), and continues

▶ outputs an element in ∆(X ) and halts

▶ Goal: output a solution in Bg using the smallest number
of queries possible.

▶ Algorithm A is correct on F if for all games g ∈ F ,
it outputs an element in Bg with probability at least 2/3.

Babichenko [2020]
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Runtime of Black Box Algorithms

▶ Runtime TA,g of algorithm A on game g is the number of queries made

▶ Co-evolutionary algorithms usually do not specify a termination criterion.
For such algorithms (in the case of pure strategy profiles), define

TA,g = min{t | xt ∈ Bg}

▶ Runtime TA,F of an algorithm A on class of games F

TA,F = max
g∈F

E
[
TA,g

]
▶ Black-box (or query) complexity of F is

TF = min{TA,F | A is correct on F}
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BB Complexity of Nash Equilibrium (NE)

Sol. concept Strats. Players Complexity Reference

Pure NE5 N 2 Ω(N2/ logN) Conitzer and Sandholm [2004]

Unique NE6 N 2 ≥ Nk
8

Maiti, Boczar, Jamieson, and Ratliff [2023]

N 2 O(Nk4 polylog(N
δ
))

ε-NE 2 m exp(m) Rubinstein [2016]
ε-NE, ε = O( 1

logN
) N 2 Ω(N logN) Fearnley, Gairing, Goldberg, and Savani [2018]

Potential games N 2 Ω(Nc) Babichenko and Rubinstein [2020]

2 m 2Ω(
√
m)

Observations

▶ Any algorithm needs to look at a constant fraction of the strategies.
No algorithm efficient when the number of strategies is very large.

▶ If m = 2, enough to query slightly more than a constant fraction of payoffs.
Co-evolution unlikely to be competitive when the number of strategies is small.

▶ Co-evolution should focus on the scenario with a large number of strategies,
but where the class of games is restricted to have some “structure”.

5Proof uses communication complexity.
6k is the size of support of the unique mixed NE
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Adversarial No Free Lunch

Theorem (L. & Lin, NeurIPS 2024)

If F is a class of games closed under permutation, then for any algorithms A and B,

Ef∼Unif(F )

[
TA,f

]
= Ef∼Unif(F )

[
TB,f

]
.
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Adversarial Black Box Lower Bound

Theorem (L. & Lin, NeurIPS 2024)

Consider any game f : {0, 1}n × {0, 1}n → R with a unique Nash equilibrium
where∣∣∣∣∣

n∑
i=1

yi −
n

2

∣∣∣∣∣ ≤ εn and

∣∣∣∣∣
n∑

i=1

y′
i −

n

2

∣∣∣∣∣ ≤ εn implies f(x, y) = f(x, y′).

Let F = {f(x, y ⊕ z) | z ∈ {0, 1}n}. Then all algorithms A have runtime
TA,F = eΩ(n).
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Population P ∈ X λ

Po
pu
la
tio

n
Q
∈
Y

λ

Interaction
schemes

Selection
mechanism

Variation
operators Offspring

1st2nd3rd

≺

≺≺

≺

Designing a Simple Coevolutionary Algorithm

Similarities with EAs:

▶ Initialisation

▶ Representation

▶ Variation operators

▶ Stopping criteria

Unique to coevolutionary algorithms:

▶ How many populations?

▶ How the populations interact?

▶ How to assign fitness or select
parents?
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Populations vs. Single Individuals

Single individuals:

▶ Fast on extremely easy games
▶ Tends to be unstable and noisy:

▶ (1+1) RLS forgets and stays away from the Nash Equilibrium on Bilinear Hevia Fajardo,
Lehre, and Lin [2023]

▶ Lacks of diversity to solve complex games:
▶ Any CoEA that retains only one search point as the current population is inefficient on

a Class of Symmetric Zero-Sum Games Benford and Lehre [2024]
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Populations - Single vs Multi-population

Single population:
▶ Applicable for symmetric games

(X1,X2, . . . ,Xm).
▶ Population-level self-learning.
▶ Analogue to self-play.

▶ Optimise tuples of strategies instead
of individual strategies for asymmetric
games (X1 ̸= X2).

Two or more populations:

▶ One population per player.
▶ Separate populations into teachers

and learners.
▶ Applicable for symmetric and

asymmetric games.

Open question: In what situations is one option preferred over the other??
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Interaction Schemes

Universal - Single/Multi Population and Symmetric/Asymmetric Games:

▶ All-vs-all

▶ All-vs-previous best

▶ k-random opponents in competing population
▶ Spatial populations:

▶ Interaction happens only with the neighbouring opponents
▶ Examples - cybersecurity [Hevia Fajardo, Lehre, Toutouh, Hemberg, and O’Reilly,

2024], GANs [Hemberg, Toutouh, Al-Dujaili, Schmiedlechner, and O’Reilly, 2021],
sorting networks [Hillis, 1990]

Single population:
▶ Fitnessless evaluation (Symmetric

Games):
▶ Single-elimination tournament (ant

wars [Jaśkowski, Krawiec, and
Wieloch, 2008])

▶ Round-robin

▶ Asymmetric Games:
▶ Treating strategy profiles (tuples of

strategies) as individuals
▶ Assign a fitness to the tuple with

game theory concepts:
▶ Exploitability
▶ Social welfare

Two or more populations:
▶ Deterministic tournament selection

▶ Create subgames deterministically
▶ Example - Shared sampling [Rosin and

Belew, 1997]: Use individuals that
complement each other

▶ Random tournament selection
▶ Create subgames at random
▶ Example - PDCoEA [Lehre, 2022]
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Selection Mechanisms

The parents are selected based on their interactions with other solutions.

Objective Fitness (complete information):

▶ Fitness is calculated using a principled selection of elements.
▶ Examples:

▶ Expected utility: “Average” game outcome against all possible opponents
(computationally unfeasible).

▶ Game outcome against a predefined opponent (risk of overspecialization).

Subjective Fitness (incomplete information):

▶ Fitness is calculated using a sample of the current population.

▶ Incomplete information of the strategy space (exponentially big).
▶ Example:

▶ Average game outcome against opponents from the current population.

Q: How to select parents?
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Selection Mechanisms

Single interaction:

▶ Assign the payoff as fitness

▶ Cheap to obtain the fitness

▶ Caution: May be unstable and noisy

Multiple interactions:

▶ Fitnessless selection (Symmetric Games)

▶ Average payoff

▶ Worst-case payoff

▶ Median payoff
▶ Fitness sharing [Rosin and Belew, 1997]

▶ Weighted average, giving more importance to solutions that are difficult to beat

▶ Pairwise dominance [Lehre, 2022]

▶ Ranking diversity [Hevia Fajardo and Lehre, 2024]
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The design of your coevolutionary algorithm depends on the
game you want to solve.

33 / 82



Maximin-Optimisation Problems

Given maximin-objective function

g : X × Y → R

maximise the function

f(x) := min
y∈Y

g(x, y).
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Bilinear Maximin Objective Function

Definition
Given α, β ∈ (0, 1), for all x, y ∈ {0, 1}n

Bilinearα,β(x, y) := |y|1(|x|1 − βn)− αn|x|1
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Population P ∈ X λ

Po
pu
la
tio

n
Q
∈
Y

λ

Interaction
schemes

Selection
mechanism

Variation
operators Offspring

for i, j ∈ [λ]

“Payoff function” g : X × Y → R

f avgX = 1
λ

∑λ
j=1 g(xi,yj)

f avgY = 1
λ

∑λ
i=1 g(xi,yj)

Average

The (1, λ) CoEA
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Population P ∈ X λ

Po
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Q
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Interaction
schemes

Selection
mechanism

Variation
operators Offspring

for i, j ∈ [λ]

“Payoff function” g : X × Y → R

fwrsX = minj∈[λ]{g(xi,yj)}

fwrsY = −maxi∈[λ]{g(xi,yj)}

Worst-case

The (1, λ) CoEA
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Example: Runtime for the (1, λ) CoEA on Bilinear Hevia Fajardo and Lehre [2023]
using different fitness aggregation methods:

Average: Inefficient runtime. Worst-case: Polynomial runtime with
high probability.
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Coevolutionary Pathologies

Coevolutionary algorithms may present pathologies.

Cycling:

▶ Revisiting a portion of search-space periodically with no global progress.

▶ Particularly likely in intransitive games.

Disengagement:

▶ Opponents are either trivial or too difficult to beat.

▶ Selection pressure diminishes and there is a loss of “gradient”.

Overspecialization:

▶ Mastering skills to beat certain opponent strategies while neglecting others.

Evolutionary forgetting:

▶ Forget previously good strategies because they are not needed for the current
competitors.

To avoid these pathologies it is critical to choose a good evaluation environment
(set of opponents) [Rosin and Belew, 1995, Miconi, 2009, Krawiec and Heywood, 2020]
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Population Archives in Coevolutionary Algorithms

What is an Archive?
A set of solutions that is systematically updated during the coevolutionary process.

Motivation for Using Archives:
▶ Prevent Pathologies:

▶ Forgetting - Ensuring valuable solutions/behaviours are not lost over time.
▶ Cycling - Avoiding repetitive cycles that hinder progress.

▶ Promote Diversity:
▶ Ensure a wide range of solutions to evaluate against.

▶ Long-term memory:
▶ Collect “good” individuals.

▶ Create monotonic progress:
▶ Once you discard an individual, you will never select it again.
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Archive Methods in Coevolutionary Algorithms

Hall of Fame [Rosin and Belew, 1997]

▶ Best individuals from each generation.

▶ Populations are tested against each other and the archive.

Nash Memory [Ficici and Pollack, 2003]

▶ Aims to represent a mixed strategy Nash equilibrium.

▶ Monotonic progress

Pareto Archives (IPCA) [De Jong, 2004]

▶ Test-based games: tests are treated as objectives.

▶ Maintains a set of non-dominated solutions.

▶ Monotonic progress

Dimension extraction / Coordinate systems

▶ Designed for test-based games.

▶ Aims to find sets of tests that form underlying objectives.
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Pareto Archives [De Jong, 2004]

Definition (Dominance)

Given two predators x1, x2 ∈ X , and a set of prey Q ⊆ Y, predator x1 dominates
predator x2 with respect to the prey Q, denoted

x1 ⪰Q x2 if and only if ∀y ∈ Q, g(x1, y) ≥ g(x2, y).

Definition (Dominance (set of predators))

Given a predator x ∈ X a set of predators P ⊆ X , and a set of prey Q ⊆ Y, then
the predators P dominate predator x with respect to the prey Q, denoted

P ⪰Q x if and only if ∃x′ ∈ P, x′ ⪰Q x.
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Pareto Archives [De Jong, 2004]

x1 ⪰Q1 x2 for Q1 = {y1, y2}

because

g(x1, y1) > g(x2, y1)

g(x1, y2) > g(x2, y2)

x1 ̸⪰Q2 x2 for Q2 = {y1, y2, y3}

because

g(x1, y1) > g(x2, y1)

g(x1, y2) > g(x2, y2)

g(x1, y3) < g(x2, y3)
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Pareto Archives [De Jong, 2004]

Definition
A predator x ∈ X is useful with respect to a set of predators P ⊆ X and prey
Q ⊆ Y if and only if

P ̸⪰Q x.
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Pareto Archives [De Jong, 2004]

Definition
Given two sets of predators P, P ′ ⊆ X , and set of prey Q ⊆ Y, a prey y ∈ Y is
called useful if there exists a predator x ∈ P ′ such that

P ⪰Q x and P ̸⪰Q∪{y} x.
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Pareto Archives [De Jong, 2004]

Algorithm Incremental Pareto-Coevolution Archive (IPCA)

Require: Payoff function g : X × Y → R.
1: Initialise P0 := ∅, Q0 := ∅ and t = 0.
2: while termination condition not satisfied do
3: Pt := {x ∈ Pt | Pt ̸⪰Qt x} ▷ Only keep non-dominated predators in Pt.
4: Pt+1 := Pt

5: Qt+1 := Qt

6: P ′ := generatePredators(Pt) ▷ Reproduction via mutation/crossover.
7: Q′ := generatePrey(Qt) ▷ Reproduction via mutation/crossover.

8: for y ∈ Q′ do ▷ Add useful prey from Q′ to Qt+1.
9: if ∃x ∈ P ′ such that Pt ⪰Qt+1

x and Pt ̸⪰Qt+1∪{y} x then

10: Qt+1 := Qt+1 ∪ {y}

11: for x ∈ P ′ do ▷ Add useful predators from P ′ to Pt+1.
12: if Pt+1 ̸⪰Qt+1

x then

13: Pt+1 := Pt+1 ∪ {x}

14: if Pt ̸= Pt+1 then
15: t := t + 1
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Monotonic Progress of IPCA

▶ Prey are never removed

Q0 ⊆ Q1 ⊆ · · · ⊆ Qt ⊆ Qt+1 (1)

▶ Predators are only removed if they are Pareto-dominated by a predator in a later
generation

x ∈ Pt and x ̸∈ Pt+1 =⇒ ∃x′ ∈ Pt+1 such that x′ ⪰Q x (2)

▶ Monotonic Progress (by induction from (3) and (4))
▶ For all t1 < t2, for all Q ⊆ Qt1 and for all x ∈ Pt1

Pt2 ⪰Q x

▶ Not guarantee to find solution using realistic computational budget
▶ The set of prey Q can grow exceedingly large, i.e., unreasonable memory requirements
▶ No guarantee on the time (number of generations) to find a solution.
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Monotonic Progress of IPCA

▶ Not guarantee to find solution using realistic computational budget
▶ The set of prey Q can grow exceedingly large, i.e., unreasonable memory requirements
▶ No guarantee on the time (number of generations) to find a solution.

(1, λ) CoEA with average on
Diagonal.

IPCA on Diagonal.
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Monotonic progress is costly, hard to achieve and not
necessary.
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A Different Approach to Designing CoEAs

Insights from Runtime Analysis of Classical EAs

▶ To reach the optimum, it is not necessary to decrease the distance monotonically.
It suffices to have positive progress on average He and Yao [2001b].

▶ Weak selective bias suffices for non-elitist population-based EAs
▶ E.g., with 2-tournament selection, selecting the “better” individual with probability

≥ 1/2 + δ is sufficient assuming large population and small mutation rate Dang and
Lehre [2016]

Alternative Approach to Designing CoEAs

▶ Replace costly “monotone progress” property with “positive drift”

▶ Ensure that selection chooses the “right” individuals sufficiently often

▶ If needed, prove performance guarantees using runtime analysis.

Pros and Cons

▶ Much simpler and more flexible algorithms

▶ Runtime analysis provides stronger and more useful performance guarantees:
upper and lower bounds on time to reach solution

▶ Runtime analysis is challenging and may not be available/possible for large
problem classes
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Pairwise Dominance7

Let g : X × Y → R be a maximin-objective, then

(x1, y1) ⪰ (x2, y2) ⇐⇒ g(x1, y2) ≥ g(x1, y1) ≥ g(x2, y1)

Lemma
If g(x1, y1) ̸= g(x2, y2), then (x1, y1) ⪰g (x2, y2) =⇒ (x2, y2) ̸⪰g (x1, y1).

7Not to be confused with Pareto dominance.
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Pairwise Dominance on Bilinear

Bilinearα,β(x, y) := |y|1(|x|1 − βn)− αn|x|1
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Pairwise Dominance Co-Evolutionary Algorithm (PDCoEA)
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Pairwise Dominance Co-Evolutionary Algorithm (PDCoEA)

[Lehre, 2022]
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PDCoEA on Bilinear

Theorem
There is a constant c0, such that the runtime of PD-CoEA with

▶ population size c logn ≤ λ ∈ polyn for some constant c > 0

▶ sufficiently small mutation rate χ ∈ Θ(1)

on Bilinear8 satisfies Pr(T > c0rλ3n) ≤ (1/r)(1 + o(1)) for all
r ∈ poly(n) [Lehre, 2022]

8with some restrictions
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sign(x) :=


1 if x > 0
0 if x = 0
−1 if x < 0

if sign(g(x1,y1)− g(x1,y2)) = sign(g(x2,y1)− g(x2,y2))

argmaxx′∈{x1,x2}min(g(x′,y1),g(x′,y2))
Best worst case:

(g(x1,y1) > g(x1,y2))
Unique ranking:

(g(x2,y1) < g(x2,y2))
(g(x3,y1) < g(x3,y2))

RankDiv-CoEA [Hevia Fajardo and Lehre, 2024]
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RankDiv-CoEA [Hevia Fajardo and Lehre, 2024]

Algorithm Ranking Diversity CoEA (RankDivCoEA)

Require: Strategy spaces X and Y.
Require: Payoff function g : X × Y → R.
Require: Population size λ ∈ N.
Require: mutx(·) : X → X , muty(·) : Y → Y.
Require: Initial populations P0 ∈ Xλ and Q0 ∈ Yλ.
1: for t ∈ N0 until termination condition satisfied do
2: for i ∈ [λ] do
3: /* Select predator parent x′ and produce offspring x. */

4: Sample x1, x2, x3 ∼ Unif (Pt) and y1, y2 ∼ Unif (Qt)
5: while g(x1, y1) = g(x1, y2) ∧ g(x2, y1) = g(x2, y2) do
6: Flip one bit u. a. r. from either y1 or y2

7: s1 ← sign(g(x1, y1)− g(x1, y2))
8: s2 ← sign(g(x2, y1)− g(x2, y2))
9: s3 ← sign(g(x3, y1)− g(x3, y2))

10: x′ ←


x1 if s1 ̸= s2 ∧ s1 ̸= s3

x1 if s1 = s2 ∧min(g(x1, y1), g(x1, y2)) ≥ min(g(x2, y1), g(x2, y2))

x2 otherwise.

11: Create Pt+1(i) := mutx(x′)
12: /* Select prey parent y′ and produce offspring y. */

13: Sample y1, y2, y3 ∼ Unif (Qt) and x1, x2 ∼ Unif (Pt)
14: while g(x1, y1) = g(x2, y1) ∧ g(x1, y2) = g(x2, y2) do
15: Flip one bit u. a. r. from either x1 or x2

16: s1 ← sign(g(x1, y1)− g(x2, y1))
17: s2 ← sign(g(x1, y2)− g(x2, y2))
18: s3 ← sign(g(x1, y3)− g(x2, y3))

19: y′ ←


y1 if s1 ̸= s2 ∧ s1 ̸= s3

y1 if s1 = s2 ∧max(g(x1, y1), g(x2, y1)) ≤ max(g(x1, y2), g(x2, y2))

y2 otherwise.

20: Create Qt+1(i) := muty(y′)
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RankDiv CoEA on Bilinear

Theorem
The expected runtime of RankDiv CoEA with

▶ population size λ ≥ c logn for some constant c > 0

▶ sufficiently small mutation rate χ ∈ Θ(1)

on Bilinear is O(nλ3 − nλ ln(αβ(1− β)(1− α))) [Hevia Fajardo and Lehre,
2024]
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Runtime Analysis of Competitive Co-Evolutionary Algorithms

▶ Runtime Analysis gives bounds on runtime as a function of problem size
▶ Standard approach in classical algorithms research (eg mergesort runs in O(n logn))
▶ Appeared in Evolutionary Computation in the late 1990s
▶ First results for simple settings, e.g. (1+1) EA on Onemax, later advanced to more

complex algorithms and problems
▶ Now a major approach to theory of EAs (see [Doerr and Neumann, 2020] for a recent

book)

▶ Runtime analysis of cooperative coevolutionary (1+1) EA in 2004 [Jansen and
Wiegand, 2004]
▶ Cooperative coevolution not necessarily faster on separable problems.

▶ Runtime Analysis of CoEAs considered a major open problem since 2012
[Popovici, Bucci, Wiegand, and de Jong, 2012]

▶ First runtime result for competitive co-evolution in 2022 [Lehre, 2022]
▶ PDCoEA has polynomial runtime on some Bilinear instances, and exponential runtime

on any game when the mutation rate is too high

▶ Recently, several analyses have become available
▶ Ranking diversity: Hevia Fajardo & Lehre (PPSN 2024)
▶ Binary games: Lin & Lehre (PPSN 2024)
▶ Tail bounds: Lin & Lehre (IJCAI 2024)
▶ Symmetric zero-sum games: Benford & Lehre (GECCO 2024)
▶ Overcoming negative drift: Hevia Fajardo, Lehre, & Lin (FOGA 2023)
▶ Fitness aggregation methods: Hevia Fajardo & Lehre (GECCO 2023)
▶ Tight bounds for CC-(1+1) EA: Lehre & Lehre (CEC 2023)
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Runtime Analysis: From short-term to long-term properties

▶ An EA can be described by a stochastic process in a state space X :
▶ In iteration k the EA is in a state Xk. Given Xk and some randomness, the EA

transitions to a next state Xk+1.

▶ Short term prediction is easy:
Given typical design of EAs (selection + variation), it is often “easy” to describe
mathematically how Xk+1 depends on Xk.

▶ Long term prediction is harder:
We are looking for long-term properties of Xk, e.g., the smallest k such that Xk

belongs to a target set B (runtime).

▶ Theory research focused on developing tools to predict long-term from short-term.
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Drift9 Analysis?

▶ Prediction of the long term behaviour of a process X
▶ hitting time, stability, occupancy time etc.

from properties of ∆.

9NB! (Stochastic) drift is a different concept than genetic drift in population genetics.
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Additive Drift Theorem

0h0 h(x)h(x′)

∆

(C1+) ∀k E
[
Yk+1 − Yk | Yk > 0

]
≤ −ε

(C1−) ∀k E
[
Yk+1 − Yk | Yk > 0

]
≥ −ε

Theorem (He and Yao [2001a], Jägersküpper [2007], Jägersküpper [2008])

Given a stochastic process Y1, Y2, . . . over an interval [0, b] ⊂ R.
Define T := min{k ≥ 0 | Yk = 0}, and assume E [T ] <∞.

▶ If (C1+) holds for an ε > 0, then E [T | Y0] ≤ b/ε.

▶ If (C1−) holds for an ε > 0, then E [T | Y0] ≥ Y0/ε.
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State Aggregation Problem of Drift Analysis

How to define a mapping d from state space to “distance” (the art of drift analysis)
▶ Relatively easy for (1 + λ) or (1, λ)-type of algorithms: In each generation, the

EA selects a single individual. Define d to be the “distance” of that individual to
the optimum. Given a current distance, often easy to estimate distribution of
offspring.

▶ Hard for population-based EAs: Many different individuals can contribute to
offspring distribution, so d should not depend only on a single individual. When
estimating drift at a given distance d (i.e., a real value), need to consider all
populations that have distance d.

▶ The Level-Based Theorem is an alternative to drift analysis, and is specifically
designed for (non-elitist) population-based EAs.

61 / 82



Algorithm assumed by Level-Based Theorem

Require: Population size λ
Require: Initial population P0 ∈ Xλ

for t = 0 to∞ do
for i = 1 to λ do

Pt+1(i) ∼ D(Pt)

▶ In each generation, the algorithm produces λ offspring, where
each offspring is produced by running a “program” D that takes the current
population Pt as input.

▶ The program D can be anything, e.g., compute fitnesses, apply selection and
variation operators etc.

▶ Many non-elitist EAs fit this framework.
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Level-based Analysis

Problem

▶ Search space X and a “target region” B ⊆ X (e.g. optima)

▶ What is the expected time to reach the target set B?
More precisely, how does E [TB] depend on D and λ?

Level-based theorem

▶ Gives upper bound on E [TB] if D satisfies some conditions.

▶ The theorem is both highly general and precise.
The upper bounds are nearly tight (Corus et al., 2016).

▶ Used to analyse the runtime of EAs, often in complex settings
▶ e.g., genetic algorithms, estimation of distribution algorithms, self-adaptation, noisy

optimisation, rugged fitness landscapes...

▶ and to design efficient EAs for a given problem
▶ e.g., choose appropriate parameterisation of the algorithm,

design GA for shortest paths problem (Corus & Lehre, MIC’15)
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Level Partitioning of Search Space X

Definition
(A1, . . . , Am) is a level-partitioning of search space X if

▶
⋃m

j=1 Aj = X (together, the levels cover the search space)

▶ Ai ∩Aj = ∅ whenever i ̸= j (the levels are nonoverlapping)

▶ the last level Am covers the optima for the problem

We write A≥j to denote everything in level j and higher, i.e.,

A≥j :=
m⋃
i=j

Ai.
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Current level of a population P wrt γ0 ∈ (0, 1)

Definition
The unique integer j ∈ [m− 1] such that

|P ∩A≥j | ≥ γ0λ > |P ∩A≥j+1|

Example

Current level wrt γ0 = 1
2

is .....
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Definition
The unique integer j ∈ [m− 1] such that

|P ∩A≥j | ≥ γ0λ > |P ∩A≥j+1|

Example

Current level wrt γ0 = 1
2

is 4.
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Level-based Theorem [Corus, Dang, Eremeev, and Lehre, 2018]

≥ γ(1 + δ)

≥ zj

y ∼ D(P )

AmA≥1 A≥j A≥j+1 · · ·

P

γ0λ

γλ

If for all populations P ∈ Xλ, an individual y ∼ D(P ) has

Pr
(
y ∈ A≥j+1

)
≥ zj , (G1)

Pr
(
y ∈ A≥j+1

)
≥ γ(1 + δ),

(G2)

where j ∈ [m− 1] is the current level of population P , i.e.,

|P ∩A≥j | ≥ γ0λ > |P ∩A≥j+1|

= γλ,

and the population size λ is bounded from below by

λ ≥
(

4

γ0δ2

)
ln

(
128m

zminδ2

)
, (G3)

then the algorithm reaches the last level Am in expected time

E [TAm ] ≤
(

8

δ2

)m−1∑
j=1

(
λ ln

(
6δλ

4 + zjδλ

)
+

1

zj

)
.
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≥ zj , (G1)

Pr
(
y ∈ A≥j+1

)
≥ γ(1 + δ), (G2)

where j ∈ [m− 1] is the current level of population P , i.e.,

|P ∩A≥j | ≥ γ0λ > |P ∩A≥j+1| = γλ,

and the population size λ is bounded from below by

λ ≥
(

4

γ0δ2

)
ln

(
128m

zminδ2

)
, (G3)

then the algorithm reaches the last level Am in expected time

E [TAm ] ≤
(

8

δ2

)m−1∑
j=1

(
λ ln

(
6δλ

4 + zjδλ

)
+

1

zj

)
.
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Co-Evolutionary Processes10

co-Algorithm A

Require: Strategy spaces X ,Y.
Require: Populations P0 ∈ Xλ, Q0 ∈ Yλ.
1: for each generation t ∈ N0 do
2: for each interaction i ∈ [λ] do
3: Sample (x, y) ∼ D(Pt, Qt).
4: Set i-th “predator” Pt+1(i) := x
5: Set i-th “prey” Qt+1(i) := y.

Definition (Runtime)

For a solution set B ⊂ X × Y

TA,B := min{tλ | (Pt ×Qt) ∩ B ̸= ∅}

10This definition of runtime is slightly different from query complexity: 1. The algorithm only evaluates the payoff values of the pairs
(xi, yi) for i ∈ [λ]. Hence, the event (Pt × Qt) ∩ B ̸= ∅ does not guarantee that the algorithm has evaluated the payoff of

a pair (x, y) ∈ B. However, given an algorithm A with runtime TA,B , we can define an algorithm A′ which behaves exactly as

A, except that at the end of every generation, it evalautes the payoff for all pairs (x, y) ∈ Pt × Qt . This algorithm has query
complexity τ of at most (1 + λ)TA,B 2. An optimal pair may have been found in the first iteration of generation t of algorithm

A′ , but the definition counts all payoff-evalutions in the generation. Hence, in the worst case, the query complexity of A′ is by at most
an additive term λ − 1 larger than the true runtime. Hence, in overall, we have τ/(1 + λ) ≤ TA,B ≤ τ + λ.
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Theorem (Level-based Theorem for Co-Evolution)

Given

▶ “predator levels” A1, . . . , Am ⊆ X with A1 = X
▶ “prey levels” B1, . . . , Bm ⊆ Y with B1 = Y
▶ “upgrade” probabilities z1, . . . , zm−1 ∈ (0, 1]
▶ parameters δ, γ0 ∈ (0, 1)

For any P ∈ Xλ and Q ∈ Yλ, define

▶ “Current level” j := max{i : |(P ×Q) ∩ (Ai ×Bi)| ≥ γ0λ2}
▶ γ := λ−2|(P ×Q) ∩ (Aj+1 ×Bj+1)|

If for all P ∈ Xλ and Q ∈ Yλ, the sample (x, y) ∼ D(P,Q) satisfies

(G1) Pr
(
x ∈ Aj+1

)
Pr

(
y ∈ Bj+1

)
≥ zj

(G2a) Pr
(
x ∈ Aj+1

)
Pr

(
y ∈ Bj+1

)
≥ (1 + δ)γ

(G2b) Pr
(
x ∈ Aj

)
Pr

(
y ∈ Bj

)
≥ (1 + δ)γ0,

(G3) pop. size λ ≥ maxj∈[m−1] 2
(

1
γ0δ2

)1+η
ln(m

zj
),

then E
[
TAm×Bm

]
≤ c′′λ

δ
λ
(
λ2m + 16

∑m−1
i=1

1
zi

)
, for any constant c′′ > 0,

Lehre (Algorithmica, 2024)
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(G2a)-condition

For 0 < γ < γ0 < 1, if

γ0λ
2 ≤ |(Pt × Qt) ∩ (Aj × Bj)|,

γλ
2
= |(Pt × Qt) ∩ (Aj+1 × Bj+1)|

then (G2a) requires

Pr
(
x ∈ Aj+1

)
Pr

(
y ∈ Bj+1

)
≥ (1 + δ)γ

where (x, y) ∼ D(Pt, Qt).
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Transitioning to the Next Level: Four Scenarios
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When is condition (G2a) satisfied?
Assume that

1. Populations at level j with

|Pt ∩Aj+1| = γxλ

|Qt ∩Bj+1| = γyλ

2. Offspring distribution (x, y) ∼ D(Pt, Qt)

Pr
(
x ∈ Aj+1

)
= γx(1 + ε)

Pr
(
y ∈ Bj+1

)
= γy(1 + σ)

Then (G2a) is satisfied if for some δ > 0

γx(1 + ε)γy(1 + σ) ≥ γxγy(1 + δ)

=⇒ σ > −
ε

1 + ε

Conclusion

▶ (G2a) not satisfied when both populations have negative growth rates.

▶ (G2a) satisfied when both populations have positive growth rates.
▶ (G2a) can be satisfied with one growing and one declining population

▶ Negative predator growth rate ε, positive prey growth rate σ > − ε
1+ε > 0

▶ Positive predator growth rate ε, negative prey growth rate 0 > σ > − ε
1+ε
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Example calculation

S0

S1

R0 R1

S2

p0 1-p0

q0

q

1-q0-q

x1x2x1 x2

y1

y2

x2 x1

psel(R0) = Pr (x1 ∈ R0 ∧ x2 ∈ R0)+

+ Pr (x1 ∈ R0 ∧ x2 ̸∈ R0) × Pr ((x1, y1) ⪰ (x2, y2) | x1 ∈ R0 ∧ x2 ̸∈ R0)

+ Pr (x1 ̸∈ R0 ∧ x2 ∈ R0) × (1 − Pr ((x1, y1) ⪰ (x2, y2) | x1 ̸∈ R0 ∧ x2 ∈ R0))

≥ Pr (x1 ∈ R0 ∧ x2 ∈ R0) +

+ Pr ((x1, y1) ∈ R0 × S1 ∪ S2 ∧ (x2, y2) ∈ R1 × S1 ∪ S2) /2

+ Pr (x1 ̸∈ R0 ∧ x2 ∈ R0) (1 − Pr (y1 ∈ S0 ∧ y2 ∈ S0))

≥ p
2
0 + p0(1 − p0)(1 − q0)

2
/2 + p0(1 − p0)(1 − q

2
0)

=
p0

2
((3 + q0)(1 − q0) − p0(1 − q0(2 + q0)))
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Checking (G2) of PDCoEA on Bilinear in level R0 × S1

S0

S1

R0 R1

S2

p0 1-p0

q0

q

1-q0-q

Lemma

psel(R0)

p0

psel(S1)

q
≥

1

4
(2q + 3(2− p0)p0(1− q)− 8q0)× (3− p0 − 4q0)

Furthermore, if 1/3 < p0 < 4/5 then for sufficiently small q0, χ, δ

psel(R0)

p0

psel(S1)

q

(
1−

χ

n

)2n
>

(
11

12
− 12q0

)
e−2χ > 1 + δ
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Dynamics

S0

S1

R0 R1

S2

p0 1-p0

q0

q

1-q0-q
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Conclusion

▶ Real world optimisation is often adversarial: playing against opponents

▶ CoEAs may have a niche in adversarial optimisation scenarios: games with
exponentially many strategies and payoff functions with (hidden) structures

▶ Vast design space for CoEAs
▶ population structure, interaction schemes, fitness aggregation, ...

▶ Design of CoEAs traditionally focused on overcoming pathological behaviours
▶ Population archives to avoid forgetting

▶ Algorithms with Monotonic Progress wrt a Solution Concept (IPCA)
▶ Guaranteed to find solution, but may take exceedingly long time to do so

▶ Algorithms with Positive Drift (PDCoEA, DivRank-CoEA, ...)
▶ Motivated by insights from runtime analysis of classical EAs
▶ Sufficient to select individuals correctly more than 50% of the time

▶ Runtime Analysis of CoEAs (from 2022)
▶ Bounds on runtime (num payoff evals) as function of number of strategies (and other

game characteristics) and algorithmic parameters
▶ Obtained using tools: drift analysis, level-based analysis
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