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Fitness Landscape Metaphor (Sewall Wright, 1932)

“The problem of evolution as I see it is that of a mechanism by which the species may
continually find its way from lower to higher peaks in such a field.” (Wright, 1932)



Runtime Analysis (special case 3)

Algorithm (1+1) EA

Sample x0 uniformly at random from {0, 1}n.
for t = 0 to∞ do

Make a copy of xt and call it x′, and flip each bit of x′ with probability 1/n
if f(x′) ≥ f(xt) then
xt+1 := x′

else
xt+1 := xt

Runtime of (1+1) EA on function f

▶ Tf := min{t | xt is optimal }
Worst-case expected runtime of (1+1) EA on problem class F

▶ TF := maxf∈F E [Tf ]

Runtime Analysis

▶ How does the structure of F influence TF ?

3The (1+1) EA is here just used as a simple introductory example. The rest of the tutorial will consider standard population-based EAs.



Runtime of (1+1) EA on Simple Fitness Landscapes4

Fitness

A1

A2

A3

...

Am−1

Am

If search space can be partitioned into levels (A1, A2, . . . , Am) such that

▶ f is monotone with respect to the levels, i.e.,
if x ∈ Ai and y ∈ Aj where i < j, then f(x) < f(y)

▶ small number of levels with global optima in Am, i.e.,
m ∈ poly(n) and for all x ∈ Am and y ∈ {0, 1}n, f(x) ≥ f(y)

▶ every search point close to a higher level, i.e.,
for all x ∈ Aj , there exists y ∈ Aj+1 ∪ · · · ∪Am such that
H(x, y) = O(1).

then the expected time to reach the last level (optimum) is

E
[
Tf

]
≤

m−1∑
j=1

time to leave level j

≤
m−1∑
j=1

1

prob. of leaving level j

≤ poly(n)

4This is essentially the artificial fitness level technique Wegener [2002].



Fitness Landscape Intuition5

5Illustration from https://losslandscape.com/.

https://losslandscape.com/


Sparse Local Optima, Dense Fitness Valleys



SLOαε hierarchy of problems

For α, ε ∈ [0, 1], SLOα
ε is the subset of pseudo-Boolean functions with

▶ Density of fitness valleys ≥ α (α = 1 =⇒ maximally dense/easy problem)

▶ Sparsity of local optima ≤ ε (ε = 0 =⇒ no local optima)



SLOαε hierarchy of problems

▶ SLO0
1 is the set of all pseudo-Boolean functions.



SLOαε hierarchy of problems
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SLOαε hierarchy of problems

Theorem (No Free Lunch problem classes)

For any function class F closed under permutations, F ⊂ SLO
1/n
1 \ SLOc/n

1 for some constant
c > 1.



SLOαε hierarchy of problems

Theorem
For ε > α+ δ + n/3, the unrestricted black-box complexity of SLOα

ε is at least 2nδ/2−1.



SLOαε hierarchy of problems

Theorem
For any δ > 0, the (µ+ λ) elitist black-box complexity of SLO1−δ

δ is eΩ(n).



SLOαε hierarchy of problems

Theorem (Onemax with frozen noise)

For 0 < δ < α ≤ 1 and p <
(

δ
2e

)(1+α+δ)/δ
, DisOMd,p ∈ SLOα−δ

δ .



SLOαε hierarchy of problems



Black Box Model6

Function class F

Photo: E. Gerhard (1846).

f(x1), f(x2), f(x3), ... x1, x2, x3, ...f(x1), f(x2), f(x3), ..., f(xt) x1, x2, x3, ..., xt

A

f

▶ Runtime of algorithm A on f

TA,f := min
t∈N
{t | ∀y f(xt) ≥ f(y)}

▶ Worst case expected runtime

TA,F := max
f∈F

E [TA,f ]

▶ Black box complexity of F

TF := min
A
TA,F

Droste, Jansen, and Wegener [2006]

6Also called query complexity model.
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Black-Box Complexity : Mastermind is Easy

Onemax = {fz|z ∈ {0, 1}n} where fz(x) =
n∑

i=1

xi⊕zi

Theorem (Erdős and Renyi [1963])

TOnemax = Θ(n/ logn)

Proof idea

▶ Upper bound: Query n/ logn bitstrings sampled u.a.r., whp, only one consistent z.

▶ Lower bound: Need to identify one among 2n bitstrings, each query gives O(log(n)) bits of
information.



Black-Box Complexity : Needle in the Haystack is Hard

Needle = {fz|z ∈ {0, 1}n} where fz(x) =
n∏

i=1

xi⊕zi

Theorem (Droste et al. [2006])

TNeedle = (2n + 1)/2

Proof idea

▶ Lower bound: Yao’s minmax principle.

▶ Upper bound: Enumerate bitstrings in random order.



No Free Lunch Theorem

Definition
A function class F ⊆ {f : {0, 1}n → R} is closed under permutation iff

▶ for all f ∈ F , for all permutations σ : {0, 1}n → {0, 1}n, f ◦ σ ∈ F .

Theorem ([Wolpert and Macready, 1997, Droste, Jansen, and Wegener, 2002])

If F is closed under permutation, then for all black-box algorithms A and B,

Ef∼Unif(F) [TA,f ] = Ef∼Unif(F) [TB,f ] .



Black Box Optimisation7

▶ What characterises the “easy” problems, i.e., those with polynomial black-box complexity?

▶ Are there “general” black-box algorithms which have polynomial runtime on broad classes of easy
problems?

7A related, and possibly better understood question, is the query complexity of Boolean functions.



SLO1
0 – The easy part of the hierarchy

A function f : {0, 1}n → R belongs to SLO1
0 iff there exists a partition (A1, A2, . . . , Am) of

{0, 1}n such that

1. The last level Am contains the globally optimal search points.

f(Am) = maxx f(x)

2. The Hamming-distance to a higher level is a constant wrt n.

for all j ≤ m− 1, for all x ∈ Aj,H(x,A≥j+1) = O(1)

3. Fitness increases monotonically according to the levels.

for all x ∈ Ai and y ∈ Aj with i < j, f(x) < f(y)
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Deceptive Pairs

¬3. Fitness decreases with the levels:

(Ai, Aj)i<j is deceptive
if ∃x ∈ Ai and ∃y ∈ Aj : f(x) ≥ f(y).



Deceptive Pairs
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SLOαε – Incorporating deceptive levels

A function f : {0, 1}n → R belongs to SLOα
ε iff there exists a partition (A1, A2, . . . , Am) of

{0, 1}n such that

1. The last level Am contains the globally optimal search points.

f(Am) = maxx f(x)

2. The Hamming-distance to a higher level is a constant wrt n.

for all j ≤ m− 1, for all x ∈ Aj,H(x,A≥j+1) = O(1)

If (Ai1 , Aji), . . . , (Aiu , Aju) are f -deceptive pairs then

3. Local optima are ε-sparse

∪u
v=1Aiv is (ε, r)-sparse

4. Fitness valleys are α-dense

Ajv is α-dense with respect to A≥jv for all v
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Sparsity

Definition
B is (ε, r)-sparse if and only if
for all q ∈ [r] and for all x

|Sq(x) ∩B| ≤ ε ·
(
n

q

)

where y ∈ Sq(x)⇐⇒ H(x, y) = q.



Density

Definition
C is α-dense wrt D if and only if
for all x ∈ C

|S1(x) ∩D| ≥ α ·
(
n

1

)



Upper vs Lower bounds



Lower bound example

Lemma SLO17
Let f be any fitness function with a unique global optimum x∗.
If there exists a search point x and d ∈ ω(1) such that

▶ H(x, x∗) ≥ d
▶ f(y) ≤ f(x) for all y ̸= x∗ with H(x∗, y) < d

then f ̸∈ SLO
d/n
1 .

Corollary

▶ Needle ̸∈ SLOd
1 for any d = ω(1/n)

▶ Jumpk ̸∈ SLO
k/n
1 for any k = ω(1).



Proof of Lower Bound

Let A = (A1, . . . , Am) be any partition which satisfies the SLOα
1 -conditions wrt f

1. x∗ is a unique global opt. =⇒ Am = {x∗} by SLO cond 1.

2. Choose any y ∈ Am−1 which maximises the Hamming distance to x∗.
By SLO cond. 2, H(y, x∗) = O(1) < d.

3. Claim 1: (Aj, Am−1) is an f -deceptive pair for some j < m− 2
▶ By assumption H(x∗, x) ̸∈ O(1), so x ∈ Aj for some j < m− 1 by SLO cond 2.
▶ We have x ∈ Aj , y ∈ Am−1 and f(y) ≤ f(x), so (Aj , Am−2) is f -deceptive.

4. Claim 2: |S1(y) ∩A≥m−1| ≤ H(y, x∗) < d
▶ Partition the set S1(y) of Hamming-neighbours of y into two subsets

▶ S− are bitstrings with Hamming-distance H(y, x∗) − 1 to x∗

▶ S+ are bitstrings with Hamming-distance H(y, x∗) + 1 to x∗, and hence

S+ ∩ A≥m−1 = ∅
▶ It follows |S1(y) ∩A≥m−1| = |S− ∩A≥m−1| ≤ |S−| = H(y, x∗) < d

5. By Claim 1, SLO cond 2, and Claim 2 αn ≤ |S1(y) ∩A≥m−1| < d.
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Unrestricted Black Box Complexity

Corollary SLO30

If α < 1− 3/n and ε > α+ 3/n, then the unrestricted black-box complexity of SLOα
ε,n−1 is

2Ω(n(ε−α)).

=⇒ If local optima sparsity ε is larger than fitness valley density α,
then the fitness landscape is dominated by deceptive regions.
In this case, all algorithms inefficient on at least some functions in SLOα

ε .



(µ + λ)-Elitist Black-Box Complexity

(µ+ λ)-Elitist Black-Box Model [Doerr and Lengler, 2016]

▶ algorithm only remembers fittest µ search points seen so far,
produces λ new search points in each round

▶ covers a wide range of elitist EAs, such as (µ+ λ) EA.

Theorem
For any constant α ∈ (0, 1), ε ∈ ω(1/n) and µ, λ ∈ poly(n), the elitist (µ+λ) black-box complexity of

SLOα
ε is eΩ(n).

Theorem
For χ ̸∈ (ln(λ/µ) − δ, ln(λ/µ) + δ), then (µ, λ) EA has exp. runtime on SLOα

ε .

Proof.

▶ For any constants α, ε ∈ (0, 1)
BBFunnel ∈ SLOα

ε .

▶ Any (µ+ λ) BB EA needs exp. time on
BBFunnel

▶ (µ, λ) EA has exp. runtime when
χ ≥ ln(λ/µ) + δ

▶ (µ, λ) EA behaves as (µ+ λ) EA when
χ ≤ ln(λ/µ) − δ
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Web-based Simulation on BBFunnel

https://www.cs.bham.ac.uk/~lehrepk/aaai2021/

https://www.cs.bham.ac.uk/~lehrepk/aaai2021/


Population Process on the Boolean Hypercube

X = {0, 1}n

P0 ∼ Unif
(
Xλ

)
∀t ∈ N, Pt = (x1, . . . , xλ)

where xi ∼ Dn(Pt−1, f(Pt−1)) i.i.d.

▶ Process induced by Markov kernel Dn : Xλ × Rλ → ∆(X ),
e.g., selection and mutation in an evolutionary algorithm.



Level-Based Theorem

D(Pt)

AmA1 Aj Aj+1 · · ·

Pt

γ0λ γλ

X = A≥1 ⊃ A≥2 ⊃ · · · ⊃ A≥m−1 ⊃ A≥m = B



Level-Based Theorem

≥ γ(1 + δ)

≥ zj
D(Pt)

AmA1 Aj Aj+1

Pt

γ0λ γλ

Theorem ([Corus, Dang, Eremeev, and Lehre, 2018])

If for any level j < m and population P where

|P ∩ A≥j | ≥ γ0λ > |P ∩ A≥j+1| =: γλ

an individual y ∼ D(P ) is in Aj+1 with

Pr
(
y ∈ A≥j+1

)
≥ max

{
γ(1 + δ), zj

}
and the population size λ is at least

λ ≥
(

4

γ0δ2

)
ln

(
128m

z∗δ2

)
where z∗ := min

j
zj

then level Am is reached in expected time

(
8

δ2

)m−1∑
j=1

(
λ ln

(
6δλ

4 + zjδλ

)
+

1

zj

)

<

(
8

δ2

)mλ ln (2δλ) +

m−1∑
j=1

1

zj


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Proof Idea

Zt

Xt,Zt

Population state captured by

▶ Zt - “current” level

▶ Xt,j - # inividuals beyond j-th level

The following process has drift E [Yt − Yt+1 | Yt] = Ω(δ2)

Yt := (m− Zt) ln

(
1 + λ

1 +Xt,Zt

)



Truncation Selection

Sample uniformly at random
among best µ/λ fraction of
population

0.2

0.4

0.6

0.8

1.0

β(γ) = min(
γλ

µ
, 1)

Tournament Selection

Select best among k
uniformly selected individuals
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0.4

0.6

0.8

1.0

β(γ) = 1− (1− γ)k

Linear Ranking Selection

0.2

0.4

0.6

0.8

1.0

β(γ) =

∫ γ

0

η(1− 2x) + 2xdx

= γ(η(1− γ) + γ)



Algorithm Non-elitist EA with Ranking-Selection

Require: Fitness function f : {0, 1}n → R
Require: Population size λ ∈ N and mutation rate χ ∈ (0, n)
Require: Ranking-based selection mechanism with cdf. β

1: Sample initial population P0(1), . . . , P0(λ) uniformly at random.
2: for t = 0, 1, 2, . . . until termination condition is met do
3: Sort Pt by f such that f(Pt(1)) ≥ · · · ≥ f(Pt(λ)).
4: for i = 1 to λ do
5: Select parent index I such that Pr(I ≤ γλ) = β(γ).
6: Obtain Pt+1(i) from Pt(I) by mutating each bit independently with prob χ/n.



Expected Polynomial Runtime on SLOαε
8

Theorem
If there exist constants ψ0, γ0, α ∈ (0, 1), with ψ0 ≥ γ0 and ψ0 + 2γ0 ≤ 1, and
δ ∈ (0, 1), ε′ ∈ (0,min(δ, 2/3)] with 1/ε′ ∈ poly(n), and ε ∈ (0, ψ0), and r ∈ [⌊n/2⌋] such
that Algorithm 1 with the bitwise mutation operator with rate χ ∈ (0, n/2] satisfying
1/χ ∈ poly(n) and (eχ/r)r ≤ ε

(
1− χ

n

)n
, and an f -monotone selection mechanism with

selection probability function β, and population size λ satisfying

(SM0) β(0, γ) ≤ γ(1−ε′)−ε

(1−χ
n)

n for all γ ∈ [ψ0, 1],

(SM2a) β(0, γ) ≥ γ(1+δ)

(1−χ
n)

n for all γ ∈ (0, γ0],

(SM2b) β(ψ0 + γ0, ψ0 + γ0 + γ) ≥ γ(1+δ)

(1−χ
n)

n
(1+αχ)

for all γ ∈ (0, γ0],

(SM3) c
(ε′)2 ln(n) ≤ λ ∈ poly(n) for a sufficiently large constant c

then Algorithm 1 has expected polynomial runtime on SLOα
ε .

8We define β(x, y) := β(y) − β(x)



Polynomial runtime of non-elitist EAs on SLOαε

Theorem
If λ ∈ Ω(log(n)) ∩ poly(n) and there exist constants ψ0, γ0, δ ∈ (0, 1) st.

β(γ)
(
1 −

χ

n

)n
≥ γ(1 + δ) =: ℓ(γ), ∀γ ∈ (0, γ0]

β(γ)
(
1 −

χ

n

)n
≤ γ(1 − ε′) − ε =: u(γ), ∀γ ∈ [ψ0, 1]

(β(ψ0 + γ0 + γ) − β(ψ0 + γ0))
(
1 −

χ

n

)n
(1 + αχ) ≥ γ(1 + δ) ∀γ ∈ (0, γ0], ψ ∈ [0, ψ0]

then the non-elitist EA optimises SLOα
ε in expected polynomial time.



Dynamics of Peak Individuals (Yt) vs Fitness Valley Individuals (Xt)



Dynamics of Peak Individuals (Yt) vs Fitness Valley Individuals (Xt)

Pr (y ∈ peak) < β(Yt/λ)r(ε) + q

Pr (y ∈ fitness valley) ≥
(
β

(
Yt +Xt

λ

)
− β

(
Yt

λ

))
p(α)

Lemma
There exists ψ0 ∈ (0, 1) such that

Pr

(
Yt ≥ max

{
ψ0λ,

Y0

eΩ(t)

})
≤ te−Ω(λ)

Lemma
If Yt ≤ ψλ, Xt ≤ γ0λ, and p0 “large”

Pr (y ∈ fitness valley) ≥
Xt

λ
(1 + δ)



Experimental Comparison: Random 5-MAXSAT (n = 100,m = 2500)
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MOSA-EA vs OpenWBO9 on random 5-MAXSAT (n = 100)

1600 1700 1800 1900 2000 2100 2200 2300 2400 2500

Total Number of Clauses m

0

20

40

60

N
u
m
b
er
of

U
n
sa
ti
s-
ed

C
la
u
se
s

MOSA-EA

Open-WBO

9Winner of MAXSAT competitions in 2014, 2015, 2016, 2017.



MOSA-EA on NK-Landscape (n = 100, 108 fevals)
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Spiky (or frozen noise) Onemax

Let B ∼ V(n, p), i.e., Pr (x ∈ B) = p for all x, then

DisOMd,p(x) =

{
Onemax(x) + d if x ∈ B
Onemax(x) otherwise .

Theorem (Jorritsma, Lengler, and Sudholt [2023])

(1,λ) EA a factor of 1/p faster than (1+λ) EA

▶ in finding n− k∗ fitness target

▶ assuming p ∈ ω(1/(n logn)) ∩ n−Ω(1) and k∗ ∈ O(nc).
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Spiky (or frozen noise) Onemax

Some issues with DisOMd,p

▶ Optimum of DisOMd,p not necessarily all ones bitstring.

▶ Fitness in global optimum is random.

Our version: for some f0 < n, let B ∼ V(n, p), then

DisOM’d,p(x) = min(f0,DisOMd,p(x))

▶ The all ones bitstring is the global optimum with fitness n.



Robustness to Perturbations

Definition
For f : {0, 1}n → R, f0 < maxx f(x), and B ⊂ {0, 1}n, define G(f, f0, B) to be the set of
functions g such that

▶ ∀x ̸∈ B, g(x) = f(x)

▶ ∀x ∈ B, g(x) ≤ f0



Robustness to Perturbations

Theorem
For all (δ, r)-sparse B and f ∈ SLOα

ε with f0 < maxx f(x)

G(f, f0, B) ⊆ SLOα−δ
ε+δ,r

assuming that for all levels j with minx∈Aj f(x) ≤ f0
▶ Aj is α-dense with respect to A≥j

▶ H(x,A≥j+1 \B) = O(1) for all x ∈ Aj \B



Corollary

Let f ∼ DisOM’d,p for some const. p, then w.o.p.,
the non-elitist EA with 3-tmt selection, and mutation rate χ = 1.09812, and population size
λ = Ω(logn)
(or any non-elitist EA satisfying the conditions of Theorem XX)
has expected runtime O(nλ) on f .

Proof idea

▶ V (n, p) for p ≤
(

δ
2e

)1+ 1+α
δ is (δ, r)-sparse

with probability 1− ne−Ω(αn)

▶ DisOMd,p
′ ∈ G(Onemax, (1− α)n,V(n, p))

▶ Result follows from Theorem XX



Multi-Objective Optimisation

Maximising f := (f1, f2)

x dominates y (i.e. x ≻ y)⇔ f1(x) ≥ f1(y), f2(x) ≥ f2(y), and at least one inequality is strict.

f2

f1

f(x)f(y)

NDf (x) := {y | ¬(x ≻ y)}
Ff :=f(

⋂
x∈{0,1}n NDf (x)) is the Pareto front.

Goal: Find a population P that can cover Ff .
(Reduce P to a set −→ we have the Pareto set P )

Bad algorithms can lose the coverage or take long time.
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Maximising f := (f1, f2)

x dominates y (i.e. x ≻ y)⇔ f1(x) ≥ f1(y), f2(x) ≥ f2(y), and at least one inequality is strict.

Hard to compare sol. as #(obj) increases
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Multi-Objective Evolutionary Algorithms

Simple algorithms in early theory studies:
▶ (G)SEMO [Laumanns, Thiele, and Zitzler, 2004, Giel and Lehre, 2010] (300+ citations)

Create one offspring in each generation, then keep all non-dominated solutions and avoid duplicate fitness.

Nowadays, we can analyse practical algorithms (seminal work [Zheng, Liu, and Doerr, 2022]):
▶ SPEA2 [Zitzler, Laumanns, and Thiele, 2001] (10100+ citations)

▶ NSGA-II [Deb, Pratap, Agarwal, and Meyarivan, 2002] (56000+ citations)

▶ SMS-EMOA [Beume, Naujoks, and Emmerich, 2007] (2100+ citations)

▶ MOEA/D [Zhang and Li, 2007] (8800+ citations)

▶ NSGA-III [Deb and Jain, 2014] (5500+ citations)

They often use some density estimation complementing dominance relations to make decisions.

f2

f1

(a) Crowding distance

f2

f1

(b) Hypervolume contribution

f2

f1

(c) Distance to reference rays

Why? What are the drawbacks of GSEMO-like algorithms?
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Sparsity and Isolation

f : {0, 1}n → Rd is (a,b)-Pareto-sparse if for all Pareto sets P [Dang, Opris, and Sudholt, 2026a]:

(C1) For every x, y ∈ P with f(x) ̸= f(y): H(y, {x} ∪ (NDf (x) \ P )]) ≥ a.
(C2) For every v ∈ f(P ) : |{y ∈ {0, 1}n | f(y) = v}| ≤ b.

C1 models some obstacles for GSEMO as it only keeps non-dominated solutions
=⇒ covering every new point on Ff requires to overcome a Hamming distance at least a.

x

PNDf (x)
≥ a



Sparsity and Isolation

f : {0, 1}n → Rd is (a,b)-Pareto-sparse if for all Pareto sets P [Dang et al., 2026a]:

(C1) For every x, y ∈ P with f(x) ̸= f(y): H(y, {x} ∪ (NDf (x) \ P )]) ≥ a.
(C2) For every v ∈ f(P ) : |{y ∈ {0, 1}n | f(y) = v}| ≤ b.

C1 models some obstacles for GSEMO as it only keeps non-dominated solutions
=⇒ covering every new point on Ff requires to overcome a Hamming distance at least a.

Sparsity requires (C1) to hold for every u, v ∈ Ff , here u = f(x), v = f(y) in the condition.
=⇒ (a,b)-Pareto-isolated relaxes this, requiring (C1) to hold for only one u ∈ Ff (see paper).

Photo: R. Skibba published in Nature, 2017.



Hierarchy

Lemma

1. Every function f : {0, 1}n → Rd is (1,2n)-Pareto-sparse and (1,2n)-Pareto-isolated.

2. f is (a,b)-Pareto-sparse =⇒ f is (a′,b′)-Pareto-sparse for any a′ ≤ a and any b′ ≥ b.
3. f is (a,b)-Pareto-isolated =⇒ f is (a′,b′)-Pareto-isolated for any a′ ≤ a and any b′ ≥ b.
4. f is (a,b)-Pareto-sparse =⇒ f is (a,b)-Pareto-isolated.

Examining the set of all Pareto optimal solutions
⋂

x∈{0,1}n NDf (x) allows computing a, b exactly.



Problem Hardness for GSEMO

b and |Ff |

a
(1, 1)

2n

nkΩ(n)

nΩ(n)

Ω
(

n
log n

)

2o(n)

2Ω(n)

nΩ(1)

2no(1)

2Ω(nε)

ω(1)

poly(n)

nω(1)

OZCSat

OTZT

OJZJk, k ≥ n/2

Theorem
GSEMO requires H|Ff |−1n

a/b expected fitness eval. to optimise any (a,b)-Pareto-sparse10 function.

NSGA-II/III, SMS-EMOA can solve OTZT in expected O (n logn) with dup. elimination.

10For (a,b)-Pareto-sparse, the harmonic factor H|Ff |−1 is simply removed.



Relying Solely on Dominance Relations is Futile

Function class F

Photo: E. Gerhard (1846).

For every 1 ≤ i, j ≤ t,
can tell one of

1. xi ≻ xj

2. xj ≻ xi

3. f(xi) = f(xj)

4. none of the above

is True
x1, x2, x3, ..., xt

A

f

∃ a function class called OZLinTwoOpt =: F ,

Theorem ([Dang, Opris, and Sudholt, 2026b])

The BB complexitya on F of all algo. relying solely on
dominance rel. to make decisions is ≥ 2n−3 + 1/2.

NSGA-II/III, SMS-EMOA solveb any f ∈ F in O
(
n2
)
.

aOnly to find any Pareto-optimal solution.
bStronger meaning, to find a first Pareto solution then cover the front.

Facts and insights:

▶ Every f ∈ F is (1,1)-Pareto-sparse; Easy to sample f using any continuous distribution.

▶ Practical algorithms without their density estimations fit the black-box model.

▶ Algorithms in this model fail because of a lack of search focus to reach the Pareto front.
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Conclusion

▶ Introduced problem hierarchy SLOα
ε containing all

pseudo-Boolean functions
▶ Easy functions have low ε and high α

▶ Onemax,LeadingOnes, Jump ∈ SLO1
0

▶ Hard functions have high ε and low α
▶ Exponential BB complexity when ε > α
▶ Classes satisfying NFL in SLOα

ε with ε ≈ 1, α ≈ 0

▶ Benefit of Non-Elitism
▶ Elitist BB complexity is exponential for α < 1 − δ and ε > δ
▶ Sufficient conditions for polynomial runtime of non-elitist EAs

Non-linear selection CDF, appropriate sel.pres and mut rate
▶ DisOM’d,p for p ∈ Ω(1) can be optimised in O(n logn)

▶ Drawback of keeping only non-dominated solutions
▶ (a,b)-Pareto-sparse modelling the obstacles in navigating the

Pareto front
▶ Hard functions for GSEMO have high a, |Ff | and low b

▶ Lack of search focus when relying solely on dominance to make
decisions



Outlook

Open questions
▶ What happens in the “white region” of the SLO-hierarchy?

▶ Can we design better algorithms, increasing the green region?
▶ Can we prove more precise lower bounds, increasing the pink region?

▶ Suppose11 f belongs to both SLOα
ε and SLOα′

ε′

where α < α′ and ε < ε′, does f also belong to SLOα
ε′?

▶ SLO for a general search operator? On different search spaces?

▶ Rigorous analysis of OJZJk, k ≥ n/2, and OZCSat?

Outlook in this PPSN (both on Monday)

▶ Landscape characteristics for Dominating Set & Vertex Colouring. (Session 2)

▶ Weakness of density estimation of SPEA2, OTZT versus OZCSat. (Session 3)

And your questions?

11This problem was suggested to us by Jon Rowe.
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